In this article, we prove the global existence of the three-dimensional inhomogeneous incompressible magneto-hydrodynamic system under the assumptions that the initial velocity field and the initial conductivity are small in the critical spaceḂ 1/2 2,1 (R 3 ).
Introduction
In this paper, we consider the three-dimensional inhomogeneous incompressible magneto-hydrodynamics (MHD) which describes the coupling between the inhomogeneous Navier-Stokes system and the Maxwell equation [] . We have Recently, Gui [] showed global well-posedness of the two-dimensional inhomogeneous MHD system with a constant viscosity and variable conductivity coefficients, but without the small density assumption. If there is no magnetic field (B = ), the MHD system turns out to be the inhomogeneous Navier-Stokes equations. In fact, due to the similarity of the second equation and the third equation in (.), the study of the MHD system has been along with that for NavierStokes one. There are a lot of studies of incompressible inhomogeneous Navier-Stokes equations. We should mention that Abidi et al. [] proved the local well-posedness of the three-dimensional inhomogeneous incompressible isentropic Navier-Stokes equations in critical spaces but without the small density assumption. Motivated by [], we shall investigate the global well-posedness of the -D incompressible inhomogeneous MHD (.) with constant viscosity coefficient in the critical spaces.
If the density ρ is away from zero, we denote a
, then the system (.) can be equivalently reformulated as
For simplicity, we just take μ(ρ) =  and the space dimension N = . In this case, (MHD) becomes
Our main result in this paper is as follows. 
so that if
We now make some comments on the analysis of this paper. Motivated by [] , in order to prove the global well-posedness of Theorem ., we note that as long as
is sufficiently small, the lifespan of the local solution thus obtained should be greater than , moreover, there exists t  ∈ (, ) so that
We shall first solve v via the classical Navier-Stokes system:
and then solve w = u -v via
The rest of the paper is organized as follows. In Section , we collect some elementary facts on Littlewood-Paley analysis that will be used later; then in Section , based on the local existence of the solutions and the priori estimates, we prove Theorem . by a standard continuity argument.
Preliminaries
Let us briefly explain how we may proceed in the case x ∈ R  (see e.g. Then, for u ∈ S (R  ), we set
We have the formal decomposition
where P[R  ] is the set of polynomials (see [] ). Moreover, the Littlewood-Paley decomposition satisfies the property of almost orthogonality:
We recall now the definition of the homogeneous Besov spaces from [] . 
Global existence of (1.2)
We start with the local existence of strong solutions whose proof can be found in Theorem . of [] .
Lemma . Under the assumptions of Theorem ., a positive time T exists so that
, we can obtain a higher-order regularity of the local solution to (.) as follows.
Proposition . Under the assumptions of Theorem
and it satisfies (.).
We are in a position to prove Theorem ..
Proof of Theorem . Thanks to Lemma ., we conclude that: given
sufficiently small, (.) has a unique local solution (a, u)
is sufficiently small. Let v solve the classical Navier-Stokes system (.). As u(t  ) is sufficient small iṅ B / , (R  ), it follows from the classical theory of Navier-Stokes equations
With v thus obtained, we denote w def = u -v. Then, thanks to (.) and (.), w, B solves (.). Then the proof of Theorem . reduces to proving the global well-posedness of (.). For simplicity, we just present the a priori estimates for smooth enough solutions of (.) on [, T * ).
The higher regularities of v
Proposition . ([]) Let (v, v ) be the unique global solution of (.) which satisfies (.). Then, for s  ∈ [   ,   ] and s  ∈ [   ,   ], we have v L ∞ ([t  ,+∞);Ḃ s  , ) + ( v, ∇ v ) L  ([t  ,+∞);Ḃ s  , ) ≤ C u  Ḃ / , , (  .  ) ∂ t v L ∞ ([t  ,+∞);Ḃ s  , ) + (∂ t v, ∂ t ∇ v ) L  ([t  ,+∞);Ḃ s  , ) ≤ C u  Ḃ / , . (  .  ) Corollary . ([]) Under the assumptions of Proposition ., one has ∇v L  ([t  ,+∞);L ∞ ) + v -∇ v L  ([t  ,+∞);L ∞ ) ≤ C u  Ḃ / , . (  .  )
The estimate of (w, B)
Lemma . (L  estimate of (w, B)) We have for t  < t < T * ,
with C being independent of t.
Proof First of all, thanks to (.), one deduces from the transport equation of (.) that
from which, with  -ρ = ρa, we get by using the standard energy estimate to the w, B equation of (.)
thanks to div B = , one has
Therefore, we get
from which we get
from which we infer for t ∈ (t  , T * ) that
This along with (.) and (.) implies
Plugging the above estimate into (.) gives rise to
This completes the proof of Lemma ..
Lemma . (H  estimate of (w, B)) There exist two positive constants c  and c  such that
Proof Taking the L  inner product of the w equation of (.) with  ρ w and using (.), we obtain
Again thanks to the w equation of (.) and div w = , one has
As a consequence, we obtain for some positive constant c  ,
Taking the L  inner product of the B equation of (.) with B,
Along the same lines, we get by taking the L  inner product of the w equation of (.) with
Thanks to (.), (.), and (.), there is a positive constant c  so that
Now let τ * be determined by
We claim that τ
Applying Gronwall's inequality to (.) and using (.), (.), (.), and (.) together with the interpolation inequality yield
However, notice from (.) and (.) that
, which contradicts with (.). This in turn shows that τ * = T * . Then integrating (.) and using (.) leads to (.). This completes the proof of the lemma.
Lemma . (H  estimate of (w, B)) There exists a time independent constant C so that for
We get by first acting ∂ t to the w equation of (.) and then taking the L  inner product of the resulting equation with ∂ t w,
The estimates of I, II, and III are similar to [] ,
which, thanks to (.), yields
This together with (.), (.), (.), and (.) yields
On the other hand, acting by ∂ t to the B equation of (.) and then taking the L  inner product of the resulting equation with ∂ t B we see that
Thanks to (.) and (.), we have
We use
Applying Gronwall's inequality to (.) yields for t ∈ (t  , T * ),
However, notice thatḂ 
with C being independent of t. Taking the L  inner product of the w, B equation of (.) with w t , B t at t = t  and using (.) give rise to
As a consequence, we deduce from (.) that
Step . The estimate of (∇  w, ∇  B).
We first observe from the w and B equation of (.) that
which along with (.), (.), (.), (.), and (.) ensures that
On the other hand, let (v, q) solve
Then one has ∇q = -∇(-) - div f and, for any r ∈ (, ∞),
from this and the w equation of (.), we infer
which along with (.) implies
On the other hand, following the B equation of (.), we infer
Therefore thanks to (.), (.), and (.), we obtain
This completes the proof of the lemma.
Proof of Theorem 1.1
We first rewrite the momentum equation in (.) as
Then it follows from the classical theory of the homogeneous Navier-Stokes equations (see [] for instance) that with t ∈ [t  , T * ), 
